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1. INTRODUCTION AND PRELIMINARIES
MV-algebras constitute a generalization of boolean algebras and arise
from the many valued logic of Lukasiewicz in the same manner as boolean
algebras arise from two valued logics.
Ž .An MV-algebra is an algebraic structure A s A, [ , ), 0 such that
Ž . UUA, [ , 0 is an abelian monoid and the following identities hold: x s x,
U U Ž U .U Ž U .Ux [ 0 s 0 , x [ y [ y s y [ x [ x.
Ž U U .U Ž U .If we set x( y s x [ y , x n y s x [ y ( y, and x k y s
Ž U . Ž .x( y [ y for every x, y g A, then A, k , n , 0, 1 is a bounded dis-
Ž .tributive lattice, which is called the reduct of A and is denoted by L A .
Boolean algebras coincide with MV-algebras satisfying the additional
Ž .  <identity x [ x s x. Let A be an MV-algebra. The set B A s x g A x [
4x s x is a boolean algebra. Actually it is the greatest boolean subalgebra
of A.
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An ideal of A is a non-empty subset I of A which is closed under [
and x F y, y g I imply x g I. A prime ideal P of A is an ideal of A such
that x n y g P implies x g P or y g P.
Ž . Ž U . Ž U .For any x, y g A we set d x, y s x ( y [ x( y . The set of prime
ideals of A, endowed with the Zariski topology, shall be denoted by
Spec A.
w xWe shall refer to 2, 3, 5 for any unexplained notion on MV-algebras.
w xThe variety MV of all MV-algebras coincides with the variety HSP 0, 1
w xgenerated by the MV-algebra defined on real unit interval 0, 1 as follows:
x [ y s min 1, x q y , x( y s max 0, x q y y 1 , xU s 1 y x .Ž . Ž .
w x w xMundici 13 , extending an idea of Chang 3 , discovered a functor G
Ž .between MV-algebras and lattice ordered abelian groups abelian l-groups
with strong unit and proved that G is a categorical equivalence. Indeed,
w xevery MV-algebra A arises as the interval 0, g from an abelian l-group
Ž .G with a strong unit g. Then A s G G, g and MV-operations are defined
as follows:
x( y s 0 k x q y y g , x [ y s g n x q y ,Ž . Ž .
xU s g y x , 0 s 0, 1 s g .
w xIn 11 Komori gave a complete description of the lattice of all subvari-
eties of MV. He proved that every proper subvariety of MV has a finite set
1 n y 1 4of generators. Every generator is a finite chain S s 0, , . . . , , 1 orn n n
v Ž Ž ..an infinite chain S s G Z = Z, n, 0 where Z = Z is the lexicographicn
product of the totally ordered additive group of the integers by itself. In
Ž .the sequel we will denote by V A , A , . . . , A the subvariety of the1 2 n
 4MV-algebras generated by A , A , . . . , A , where A , A , . . . , A is an1 2 n 1 2 n
irreducible system of generators.
w xIn 9 , the authors introduced the functions defined on an arbitrary
Ž . Ž .MV-algebra A, for every x g A, F x s x( ix for every integer i ) 0,0, i
F x s F x [ ??? [ F x (F xŽ . Ž . Ž . Ž .Ž .0, 1, i 0, 1 0, iy1 0, i
for every integer i ) 1, and by induction
F x s F x [ ??? [ F xŽ . Ž . Ž .Ž .0, 1, . . . , r , i 0, 1, . . . , ry1, r 0, 1, . . . , ry1, iy1
(F xŽ .0, . . . , ry1, i
for every integer i ) r g N.
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Moreover, they defined, for any fixed integer n, the following polynomi-
als:
p n x s nxŽ .0
ny1




np x s F xŽ . Ž .Ýr 0, 1, . . . , ry1, i
isr
p n x s F x .Ž . Ž .ny1 0, 1, . . . , ny2, ny1
w xIn 9 the following proposition is stated:
Ž . nŽ .PROPOSITION 1. Let A g V S . Then, with the abo¤e notations, p an r
Ž . nŽ . nŽ .  4g B A and p a G p a for e¤ery a g A, r, s g 0, 1, . . . , n y 1 andr s
r F s.
Ž . nŽ . nŽ .LEMMA 2. Let A g V S and p x s p y for e¤ery h s 0, 1, . . . , nn h h
y 1. Then x s y.
Aw xProof. By 3, Lemma 3 A is embedded into Ł . By hypothe-P g Spec A P
A Ž .sis, g V S ; then it is a subalgebra of S . Suppose x / y. Then there isn nP
x y x h y k wP g Spec A such that / . Set s and s with h - k. Then, by 9,P P P n P n
k hn nx Ž . Ž .Remark 4 , p s 1 and p s 0, in contradiction with the hy-ky1 ky1n n
pothesis.
Ž . Ž nŽ ..U n Ž U .LEMMA 3. Let A g V S . Then p x s p x , for e¤eryn i ny1yi
x g A.
Proof. It suffices to prove that the claimed equality holds for the totally
h hnŽ . w xordered MV-algebra S . Suppose x s and p s 0. By 9, Remark 4n in n
n y hw x Ž .h F i; hence n y h ) n y 1 y i and, again by 9, Remark 4 , pny1yi n
hnŽ .s 1. Analogously, we proceed if p s 1.i n
The main results of this paper are the following:
1. A characterization of the subvarieties of MV satisfying the amal-
gamation property is given. Actually they are those ones that have exactly
one generator.
2. There exists a categorical equivalence between the subvariety
Ž . Ž .V S and the category whose objects are pairs B, R where B sn n
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Ž . nB, q, ? , y, 0, 1 is a boolean algebra and R : B such that:n
Ž . Ž .i b , b , . . . , b g R « b G b G ??? G b ;0 1 ny1 n 0 1 ny1
Ž . Ž . Žii b , b , . . . , b g R « b , b , . . . , b g R ;0 1 ny1 n ny1 ny2 0 n
Ž . Ž . Ž .iii b , b , . . . , b , c , c , . . . , c g R0 1 ny1 0 1 ny1 n
« b q c , . . . , b q c q b ? c , . . . , b q cÝ0 0 k k i j ny1 ny1ž
iqjsky1
q b ? c .Ý i j /
iqjsny2
Ž . Ž .iv b, b, . . . , b g R for every b g B.n
3. Every relation R can be represented by a boolean algebra B andn
a vector of ideals of B.
Ž .4. A characterization of the automorphisms of B A which can be
extended to automorphisms of A is given.
5. Following Goodman et al., we introduce the definition of abstract
conditional MV-space as an MV-algebra having the reduct lattice as an
w xabstract conditional space 10 . We prove that the notion of abstract
conditional MV-space is equivalent to post algebra of order 2.
2. COPRODUCTS AND AMALGAMATION PROPERTY IN
SUBVARIETIES OF MV
Ž .Let V be a subvariety of MV and let A be a family of MV-alge-i ig I
bras such that A g V for every i g I. In the sequel we shall denote byi
Ž ." A the coproduct of A in V.V i i ig I
PROPOSITION 4. Let V be a sub¤ariety of MV. If for e¤ery MV-algebra A
its family of subalgebras in V has a maximum element A , then we ha¤e:o
1. V satisfies the amalgamation property.
Ž .2. For e¤ery family A such that A g V, for e¤ery i g I thei ig I i
coproduct " A exists and " A s " A .V i V i M V i
Proof. Let B, C, and AX be MV-algebras of V and let s , s be1 2
monomorphisms from AX to B and from AX to C, respectively. Since the
w xvariety MV has the amalgamation property 14 , then there exist an
MV-algebra D a monomorphisms j : B “ D and j : C “ D such that1 2
Ž . Ž . Ž .s j s s j . j B and j C belong to V; hence, by hypothesis, j B :1 1 2 2 1 2 1
Ž . Ž .A and j B : A . That proves statement 1 .o 2 o
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Ž .Let A be a family of MV-algebras of V and K s " A withi ig I M V i
morphisms f : A “ K for every i g I. We claim that K g V.i i
Ž . ² Ž .:Indeed, for every i g I, f A g V and K s D f A .i i ig I i i
Ž .By hypothesis, f A : A . Since A is the greatest subalgebra of Ai i o o
belonging to V, then K : A .o
Since A : K, we have A s K and K g V, as claimed.o o
Let B be an MV-algebra in V and let g : A “ B be a homomorphismi i
Ž .from A into B, for i g I. Since the coproduct of A g exists in MV, theni i i
there is a homomorphism g : K “ B such that g s g ( f . The uniquenessi i
of g proves that " A s " A .V i M V i
Ž .Let A be an MV-algebra. For n g N, denote by I A the set of alln
Ž .subalgebras of A which are elements of V S .n
LEMMA 5. Let A be a totally ordered MV-algebra. Then for n g N there
Ž .exists the greatest subalgebra A of A, such that A g V S .o o n
Ž .Proof. For every n g N, I A is non-empty because the subalgebran
 4 Ž .0, 1 of A belongs to V S . Since A is totally ordered, then every elementn
Ž .of I A is isomorphic to a finite chain S , where r is an integer thatn r
 4 Ž .divides n. So the set S , S , . . . , S of algebras in I A is finite, wheren n nt n1 2
w xn - n - ??? - n . By 15, Corollary 2.13 , it is a directed set with respect1 2 t
Ž .to a divisibility ordering relation. Then l.c.m. n , n , . . . , n s n . Hence,1 2 t t
for every i s 1, 2, . . . , t, n divides n , so S is a subalgebra of S , whichi t ni nt
Ž .is the greatest subalgebra of A belonging to V S .n
LEMMA 6. Let A be an MV-algebra. Then, for n g N, there exists the
Ž .greatest subalgebra A of A, such that A g V S .o o n
w xProof. By 3, Lemma 3 A is subdirectly embedded into the cartesian
product Ł A , where A is a totally ordered MV-algebra, for everyig I i i
Ž . Ž .i g I. By Lemma 5, there exists the greatest element F A of I A . Letn i n i
Ž .  < Ž .4 Ž .W A s x g A for every i g I, x g F A . Obviously W A is a subal-n i n i n
Ž . Ž .gebra of A and W A g V S . Let B be a subalgebra of A. Assumen n
Ž . Ž .B g V S . Let w denote the ith projection of B on A . Then w B gn i i i
Ž . Ž . Ž . Ž .I A and w B : F A . Moreover, by the definition of W A , we haven i i n i n
Ž . Ž . Ž .B : W A and W A s F A , which denotes the greatest element ofn n n
Ž .I A .n
PROPOSITION 7. Let A be an MV-algebra. Then for e¤ery n g N there
Ž w .exists the greatest subalgebra of A which is a member of V S .n
X x A X < Ž .4Proof. Let A s x g A g F . A is a subalgebra of A andnRad A Rad A
X X X Ž . Ž . w xA rRad A s A rRad A s F ArRad A g V S . By 8, Theorem 2.15 ,n n
X Ž w .A g V S .n
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X Ž .Now we prove that A s F A is the greatest subalgebra of A thatnw
Ž v.belongs to V S .n
Indeed, let A0 be a subalgebra of A satisfying the following property:
Y Ž w . Y X Y XA g V S and A = A . Since Rad A s Rad A s Rad A, it follows thatn
Y X X Y Ž .A rRad A = A rRad A , which implies A rRad A s F ArRad A sn
X X Y XA rRad A ; hence A s A .
Ž .THEOREM 8. For e¤ery n g N, the ¤ariety V S has the amalgamationn
Ž . Ž .property. Moreo¤er, if A is a family of algebras in V S , then " Ai ig I n V ŽS . in
exists and coincides with " A .M V i
Proof. The thesis follows from Proposition 4 and Lemma 6.
Ž w .THEOREM 9. For e¤ery n g N, the ¤ariety V S has the amalgamationn
Ž . Ž w .property. Moreo¤er, if A is a family of algebras in V S , theni ig I n
" w A exists and coincides with " A .V ŽS . i M V in
Proof. The thesis follows from Propositions 4 and 7.
LEMMA 10. Let A be an MV-algebra, and let m and n be positi¤e integer
numbers. If A contains an isomorphic image of S and an isomorphic imagen
of Sv, then A contains an isomorphic image of Sv.m n
Proof. Let f : S “ A and g : Sv “ A be embeddings and let B be then m
Ž . ŽŽ v..subalgebra of A generated by f S j g Rad S .n m
Set
² v:T s f S j g Rad SŽ . Ž .n m
k U
U s f ( g 0, rŽ .Ž .½ 5ž /n 0-k-n , r)0
k
V s f [ g 0, rŽ .½ 5ž /n 0-k-n , r)0
and S s T j U j V.
Claim 1. S is totally ordered.
w Ž .xIndeed, by 7, Lemma 1.7 i the set T is a totally ordered subset of S.
Consider now a, b g U and
k hU U
a s f ( g 0, r and b s f ( g 0, s .Ž . Ž .Ž . Ž .ž / ž /n n
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If k - h, then a - b. Indeed, set l s h y k,
h k l
f s f [ f ;ž / ž / ž /n n n
w xthen, by 7, Lemma 1.9
k l k lU U
b s f [ f ( g 0, s s f ( g , 0, s [ f .Ž . Ž .Ž . Ž .ž / ž /ž / ž /n n n n
lŽ . w Ž . xIf r s s, then b s a [ f ) a. If r - s, by 7, Lemmas 1.7 i and 1.8 ,m
k UŽ . Ž Ž .. Ž .b ) f ( g 0, r [ g 0, s ) a.n
Analogous is the case r ) s. Thus, we proved that U is a totally ordered
set.
Finally let us prove that V is totally ordered too.
k hŽ . Ž . Ž . Ž .Let a, b g V, a s f [ g 0, r and b s f [ g 0, s .n n
If k - h, then a - b. Indeed, set l s h y k,
h k l
f s f [ f ;ž / ž / ž /n n n
w Ž .xhence, by 7, Lemma 1.7 i ,
k l k
b ) f [ f ) f [ g 0, r s a.Ž .ž / ž /ž /n n n
If k s h, then a - b iff r - s and a ) b iff r ) s.
To show that S is totally ordered, we distinguish the following cases:
1. a g T b g U
2. a g T b g V
3. a g U b g V.
k h UŽ . Ž . Ž . Ž Ž ..Case 1. Assume a s f g f S and b s f ( g 0, r . Of course,nn n
if k s h, then a ) b.
w xAssume k - h and h y k s l . Then, by 7, Lemma 1.9 ,
k l k lU U
b s f [ f ( g 0, r s f [ f ( g 0, r ) a.Ž . Ž .Ž . Ž .ž / ž /ž / ž /n n n n
If k ) h and k y h s l , then
h l
a s f [ f ) b.ž / ž /n n
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h UŽ . Ž . Ž Ž .. w Ž .xNow, let a s g 0, r and b s f ( g 0, s . By 7, Lemma 1.7 iiin
Ž Ž ..Ua - b. a s g 0, s will be examined in the next step.
k hŽ . Ž . Ž .Case 2. Assume a s f and b s f [ g 0, r .n n
If k F h, then a F b.
h lw Ž .x Ž . Ž .If k ) h and l s k y h, then by 7, Lemma 1.7 i , a s f [ f ) b.n n
Ž . w Ž .x Ž Ž ..U UIf a s g 0, s , by 7, Lemma 1.7 i a - b. If a s g 0, s , then a s
h U U UŽ . ŽŽ . . Ž Ž ..g 0, s - f ( g 0, r s b , by the above case. Hence a ) b.n
Analogously we can complete the proof of Case 1.
Case 3. Assume
k hU
a s f g 0, s and b s f [ g 0, r .Ž . Ž .Ž .ž / ž /n n
If k F h, then a - b.
w Ž .xIf k ) h and k y h s l by 7, Lemmas 1.9 and 1.7 i ,
h l h lU U
a s f [ f ( g 0, s s f ( g 0, s [ fŽ . Ž .Ž . Ž .ž / ž /ž / ž /n n n n
h U
) f [ g 0, s [ g 0, s [ g 0, rŽ . Ž . Ž .Ž .ž /n
h
s f k g 0, s [ g 0, r s b.Ž . Ž .ž /ž /n
Ž . Ž v.Claim 2. S is the subalgebra of A, generated by f S and g Rad S .n m
Indeed, it suffices to prove that S is a subalgebra of A. Note that
Ž . Ž .0 s f 0 and 1 s f 1 belong to S. Moreover, S is closed with respect to ).
Ž . Ž v.Indeed, it is obvious, if x g f S j g Rad S . Let x g U; that is,n m
k U U k UŽ . Ž Ž .. ŽŽ . . Ž .x s f ( g 0, r . Then x s f [ g 0, r g V. We similarly pro-n n
ceed when x g V. To show that S is closed with respect to [, we
distinguish the following cases:
4. x, y g T ;
5. x, y g U;
6. x, y g V;
7. x g T , y g U;
8. x g T , y g V;
9. x g U, y g V.
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Ž . Ž² v:.Case 4. If x, y g f S or x, y g g Rad S , it is trivial.n m
kŽ . Ž .If x s f and y s g 0, r , then x [ y g V.n
k UŽ . Ž Ž .. w Ž .xIf x s f and y s g 0, r , then by 7, Lemma 1.7 in
k U U
x [ y s f [ g 0, r ) g 0, r [ g 0, r s 1.Ž . Ž . Ž .Ž . Ž .ž /n
Case 5. Let
k hU U
x s f ( g 0, r and y s f ( g 0, s .Ž . Ž .Ž . Ž .ž / ž /n n
w Ž .xIf h q k s n, then h s n y k. Hence by 7, Lemma 1.7 v
Uk kU U U
x [ y s f ( g 0, r [ f ( g 0, s s g 0, r [ s .Ž . Ž . Ž .Ž . Ž . Ž .ž / ž /ž /n n
If h q k G n q 1, then h G n y k q 1. Hence
Uk k 1U U
x [ y G f ( g 0, r [ f [ f ( g 0, sŽ . Ž .Ž . Ž .ž / ž / ž /ž /n n n
Uk kUG f ( g 0, r [ f [ g 0, r [ g 0, sŽ . Ž . Ž .Ž .ž / ž /ž /n n
U
( g 0, sŽ .Ž .
Uk kUs f ( g 0, r [ f [ g 0, rŽ . Ž .Ž .ž / ž /ž /n n
Uk k
s f [ f s 1.ž / ž /ž /n n
w xIf h q k - n, by 7, Lemma 1.9 ,
k q h U
x [ y s f ( g 0, r q s g U.Ž .Ž .ž /n
Case 6. It is trivial.
k h UŽ . Ž . Ž Ž ..Case 7. Let x s f and y s f ( g 0, r .n n
w xIf h q k s n, then by 7, Lemma 1.7
k U U
x [ y s f k g 0, r s g 0, r .Ž . Ž .Ž . Ž .ž /n
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If h q k G n q 1, k G n y h q 1, and
Uk h 1
G q ,ž /n n n
w Ž .xthen by 7, Lemma 1.7 i
Uh 1 h U
x [ y G f [ f [ f ( g 0, rŽ .Ž .ž / ž / ž /ž /n n n
1 U Us f [ g 0, r ) g 0, r [ g 0, r s 1.Ž . Ž . Ž .Ž . Ž .ž /n
w Ž .xIf k q h - n, by 7, Lemma 1.9 i we get x [ y g U.
Case 8. It is trivial.
k U hŽ . Ž Ž .. Ž . Ž .Case 9. Let x s f ( g 0, s and y s f [ g 0, r . If h q k G nn n
w Ž .xwe proceed as in the previous case. If h q k - n, then by 7, Lemma 1.9 i
h q k U
x [ y s f [ g 0, r ( g 0, s .Ž . Ž .Ž .ž /ž /n
Hence, if r ) s and r y s s t,
k q h U
x [ y s f [ g 0, s [ g 0, t ( g 0, sŽ . Ž . Ž .Ž .ž /ž /n
k q h
s f [ g 0, t g V ;Ž .ž /ž /n
if r s s
h q k h q kU
x [ y s f n g 0, s s f ;Ž .Ž .ž / ž /n n
if r - s and s y r s t
k q h U U
x [ y s f [ g 0, r ( g 0, r ( g 0, tŽ . Ž . Ž .Ž . Ž .ž /ž /n
k q h Us f ( g 0, t g U.Ž .Ž .ž /n
To complete the proof we have to exhibit an isomorphism between S
and Sv.n
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Define the map
¡ y1f x , 0 either x g f SŽ . Ž .Ž . n
y1 v² :g x or x g g Rad SŽ . Ž .m
k k U~w : x g S “ , yr or x g U and x s f ( g 0, rŽ .Ž .ž / ž /n n
k k U
, r or x g V and x s f m g 0, r .Ž .Ž .¢ž / ž /n n
By a direct inspection it is easy to check that w is the request isomor-
phism.
LEMMA 11. Let A be an MV-algebra, and let m and n be positi¤e integer
numbers. If A contains an isomorphic image of Sv and an isomorphic imagen
v v Ž .of S , then A contains an isomorphic image of S where q s l.c.m. m, n .m q
Proof. Let f : Sv “ A and g : Sv “ A be isomorphisms.n m
The restrictions of f and g to S and S , respectively, are isomor-n m
w xphisms. Then by 15, Corollary 2.13 and Lemma 10 , the thesis follows.
Ž v.COROLLARY 12. The ¤ariety V S , S does not ha¤e the amalgamationn m
property.
Ž v.Proof. Assume that V S , S has the amalgamation property.n m
Ž v. vLet A g V S , S and let s , s be embeddings from A to S , S ,n m 1 2 n m
Ž v.respectively. Then there are an MV-algebra D g V S , S and embed-n m
dings j , j from S and Sv, respectively, to D, such that s j s s j .1 2 n m 1 1 2 2
So, by Lemma 10, D contains an isomorphic image of Sv that is not inn
vŽ . w xV S , S 11, Corollary 2.4 .n m
THEOREM 13. A ¤ariety V of MV-algebras has the amalgamation property
iff it is generated by only one chain.
Proof. If V is generated by only one chain, then the thesis follows from
Theorems 8 and 9.
ŽLet us assume V satisfies the amalgamation property and V s V S ,n1
v v .. . . , S , S , . . . , S .n m mh 1 k
Let us analyze the following cases:
Ž .j The set of generators of V contains at least two finite chains.
Ž .  v4jj The set of generators of V is S , S .n m
Ž .jjj The set of generators of V contains at least two infinite chains.
Ž .j Let A, B, C g V, B s S and C s S , i / j and let s , s ben n 1 2i j
monomorphisms from A to B and to C, respectively. Since V satisfies the
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amalgamation property, then there are an MV-algebra D g V and embed-
dings j , j , from B and C, respectively, to D, such that s j s s j . By1 2 1 1 2 2
w x15, Corollary 2.13 D contains, up to isomorphism, as subalgebra, the
Ž .chain S , where q s l.c.m. n , n . Hence S g V, absurd.q i j q
Ž .jj Absurd by Corollary 12.
Ž . v vjjj Let A, B, C g V and B s S , C s S , i / j and let s , s bem n 1 2i j
embeddings from A to B and C, respectively. Since V satisfies the
amalgamation property, then there are an MV-algebra D g V and j , j1 2
embeddings from B and C, respectively, to D, such that s j s s j . By1 1 2 2
Lemma 11, D contains, up to isomorphism, the chain Sv where q s l.c.m.q
Ž .m , m , absurd.i j
w xThe results of this section improve the results of Sections 5 and 6 of 6 .
3. A CATEGORICAL EQUIVALENCE
Ž . nLet B s B, q, ? , y, 0, 1 be a boolean algebra and R : B . In then
sequel we shall usually omit the symbol ``?.'' We agree R g B iff Rn n n
satisfies the following conditions:
Ž . Ž .i a , a , . . . , a g R « a G a ??? G a ;0 1 ny1 n 0 1 ny1
Ž . Ž . Ž .ii a , a , . . . , a g R « a , a , . . . , a g R ;0 1 ny1 n ny1 ny2 0 n
Ž . Ž . Ž X X .iii a , a , . . . , a g R and a , . . . , a g R0 1 ny1 n 0 ny1 n
« a q aX , a q aX q a aX , . . . , a q aX0 0 1 1 0 0 i iž
q a aX , . . . , a q aX q a aX g R ;Ý Ýh k ny1 ny1 h k n/
hqksiy1 hqksny2
Ž . Ž .iv a s a, a, . . . , a g R for every a g B.n
Define in R the operationsn
a , . . . , a [ aX , aX , . . . , aXŽ . Ž .0 ny1 0 1 ny1




a , a , . . . , a s a , a , . . . , a .Ž . Ž .0 1 ny1 ny1 ny2 0
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ŽPROPOSITION 14. With the abo¤e notations, if R g B , then R ,n n n
.[, ), 0 is an MV-algebra.
Ž .Proof. The fact that R , [ , 0 is an abelian monoid is a trivialn
consequence of boolean operations as well as xUU s x and a [ 0U s 0U
for every x g R .n
Ž U .U Ž U .U ŽLet us show that x [ y [ y s y [ x [ x is an identity in R ,n
.[, ), 0 .
Ž . Ž .Let x s a , a , . . . , a and y s b , b , . . . , b . Then0 1 ny1 0 1 ny1
Ux [ y s a q b , a q b q a b , . . . , a q bny1 0 ny2 1 ny1 0 ny1yi iž
q a b , . . . , a q b q a b ;Ý Ýny1yh k 0 ny1 ny1yh k /
hqksiy1 hqksny2
hence
UUx [ y s a b a q b , . . . , a bŽ . Ž .Ł0 ny1 ny1yh k i ny1yiž
hqksny2
a q b , . . . , a b .Ž .Ł ny1yh n ny1 0 /
hqksny2yi
Set
ny2yia s a b Ł a q b .Ž .i i ny1yi hs0 ny1yh ny2yiyh
Since b G b for every h, by distributivity, we haveny1yi ny2yiyh
a s a b a q a b q a b ??? qa b q bž /i i ny1yi ny1 ny2 ny2yi ny3y ny3yi iq1 1 0
s a b q a b ??? qa b q a b .ny1 ny1yi ny2 ny2yi iq1 1 i 0
Ž . Ž U .UHence, if we denote by c , c , . . . , c , . . . , c the element x [ y0 1 i ny1
[ y, we have
iy1
c s a b q a b ??? qa b q a b q b q b ,Ýi ny1 ny1yi ny2 ny2yi iq1 1 i 0 i h
hs0
where
b s a b q a b ??? qa b b .ž /h ny1 ny1yh ny2 ny2yh h 0 iy1yh
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Since b b s 0 if r G s, by distributivity we haver s
b s a b b q a b b ??? qa b b .h ny1 ny1yh iy1yh ny2 ny2yh iy1yh i iyh iy1yh
Hence
iy1 iy1 iy1
b s a b b q a b b q ???Ý Ý Ýh ny1 ny1yh iy1yh ny2 ny2yh iy1yh
hs0 hs0 hs0
iy1
qa b b s a b b q a b b ??? qa b b .Ýi iyh iy1yh ny1 ny1 0 ny2 ny2 0 i i 0
hs0
Finally
c s a b q a b ??? qa b q b q a b bi ny1 ny1yi ny2 ny2yi i 0 i ny1 ny1 0
qa b b ??? qa b b G a b b q b q bŽ .ny2 ny2 0 i i 0 i i 0 0 i
s a b q b q b s a b q b s a q b .Ž .i i 0 i i i i i i
On the other hand c F a q b ; then c s a q b .i i i i i i
Exchanging x with y, by commutativity of q, the thesis follows.
Remark 15.
Ž .1 By proof of Proposition 17 it arises that in the reduct lattice
Ž .R , n , k , 0, 1 the following hold:n
a , a , . . . , a , . . . , a k b , . . . , b , . . . , bŽ . Ž .0 1 i ny1 0 i ny1
s a q b , . . . , a q b , . . . , a q bŽ .0 0 i i ny1 ny1
a , . . . , a , . . . , a n b , . . . , b , . . . , bŽ . Ž .0 i ny1 0 i ny1
s a b , . . . , a b , . . . , a b .Ž .0 0 i i ny1 ny1
Ž . Ž . Ž .2 a , . . . , a g B R iff a s a , . . . , a s a .0 ny1 n 0 1 o ny1
Ž .3 Let
w nx n <B s a , . . . , a g B a , . . . , a satisfies i . 4Ž . Ž . Ž .0 ny1 0 ny1
Then Bw nx g B .n
Ž .  44 If B s 0, 1 and R g B , then the mapn n
r
h: 1, . . . , 1 , 0 . . . “ž /^ ‘ _ n
r times
 4w nxis an embedding of R in S and it is an isomorphism iff R s 0, 1 .n n n
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Ž . Ž . Ž .5 The map p: a, . . . , a g B R “ a g B is an isomorphism be-n
Ž .tween B R and B.n
w xFor every r g Q, we agree to denote by r the greatest integer number
n such that n F r.r r
Ž .LEMMA 16. Let R g B , x s a , a , . . . , a g R and let k be ann n 0 1 ny1 n
Ž .integer positi¤e number. Then kx s a , a , . . . , a where a s a for0 1 ny1 i w i r k x
i s 0, 1, . . . , n y 1.
Proof. The lemma is true for k s 2. Indeed
a , a , . . . , a , . . . , a [ a , a , . . . , a , . . . , aŽ . Ž .0 1 i ny1 0 1 i ny1
s b , . . . , b , . . . , b ,Ž .0 i ny1
where
iy1 iy1
b s a q a a s a q a s a .Ý Ýi i h iy1yh i h w i r2x
hs0 w xhs ir2
Hence we can show the general case by induction on k.
Ž . Ž .Suppose k y 1 x s b , . . . , b , . . . , b and b s a . Then0 i ny1 i w i rŽky1.x
iy1
a s a q a aÝi w i rŽky1.x w h rŽky1.x iy1yh
hs0
Ž .ky1 qky2ky2
s a q a a q a a ???Ý Ýw i rŽky1.x 0 iy1yh 1 iy1yh
hs0 hsky1
Ž .l ky1 qky2
q ??? a a ???Ýl iy1yh
Ž .hsl ky1
iy1
q ??? qa aÝwŽ iy1.rŽky1.x iy1yh
wŽ . Ž .xŽ .hs iy1 r ky1 ky1
s a q a a q a a . . . ,w i rŽky1.x 0 iq1yk 1 iq1ykyŽky1.
??? a a ??? qa a .l iq1ykyl Žky1. wŽ iy1.rŽky1.x 0
i q 1 y kŽ .Now l G i q 1 y k y l k y 1 iff l G .k
U i y 1 i q 1 y k U i  w x4 4 w xLet l s min l g 0, 1, . . . , : l G ; then l s . In-k y 1 k k
deed
i i y r i i q 1 y kŽ . w x w xa s , 0 F r F k y 1; then G .k k r k
Ž . Ž .i i y r i y r y k i y k q r i y k y 1Ž . w xb y 1 s y 1 s s - .k k k k k
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By the above considerations we get
a s a q a s a .i w i rŽky1.x w i r k x w i r k x
Ž .By Lemma 16 R , [ , ), 0 is a hyperarchimedean MV-algebra. Hencen
w x Ž .by 4, Theorem 2.2 Spec R is homeomorphic to Spec B R . By Remarkn n
Ž .15, both Spec R and Spec B R are homeomorphic to Spec B. The mapn n
Ž . Ž .g : M g Spec R “ g M s p nM g Spec B, wheren
<nM s x g B R ’m g M and x s m q m q ??? ,Ž .½ 5n ^ ‘ _
n-times
is an example of such homeomorphisms.
Ž .For any boolean algebra B, R g B , and M g Spec R , set R M sn n n n
Ž Ž . Ž . <Ž . 4a rp nM , . . . , a rp nM a , . . . , a g R , where p is the map0 ny1 0 ny1 n
Ž .defined in Remark 15 5 .
Then we have:
PROPOSITION 17. With abo¤e notation the following statements hold:
Ž . Ž . Ž Ž ..1 R M g Brp nM .n n
Ž . Ž .2 R rM , R M .n n
Ž . Ž .Proof. 1 is trivial. To prove 2 define a map h as follows:
a , . . . , a R a aŽ .0 ny1 n 0 ny1
h: g “ , . . . , g R M .Ž .nž /M M p nM p nMŽ . Ž .
Claim 1. h is well defined.
Ž . Ž . ŽSet x s a , . . . , a and y s b , . . . , b and assume a , . . . ,0 ny1 0 ny1 0
. Ž . Ž . Ž .a rM s b , . . . , b rM. Hence, d x, y s a , a , . . . , a g M.ny1 0 ny1 0 1 ny1
ny1 Ž .By calculation we get a s Ý d a b ; by the definition of map p and0 hs0 h h
Lemma 16,
ny1
p nd x , y s d a , b g B ,Ž . Ž .Ž . Ý h h
hs0
Ž . Ž . Ž .which implies d a , b g p nM for h s 0, 1, . . . , n y 1 and a rp nM sh h h
Ž .b rp nM for h s 0, 1, . . . , n y 1.h
Claim 2. h is injective.
Ž Ž . Ž .. Ž Ž .If x s a rp nM , . . . , a rp nM s y s b rp nM , . . . , b rp 0 ny1 p 0 ny1
Ž .. Ž . Ž . Ž .p nM , then d a , b g p nM for h s 0, 1, . . . , n y 1. Since p nM ish h
ny1 Ž . Ž . Ž .an ideal of B, also a s Ý d a , b g p nM and a , . . . , a g nM0 hs0 h h 0 0
: M.
VARIETIES OF MV-ALGEBRAS 683
Ž . Ž . Ž .By notations of Claim 1 d x, y F a , . . . , a . Hence d x, y g M and0 0
Ž . Ž .a , . . . , a rM s b , . . . , b rM.0 ny1 0 ny1
Claim 3. h is an isomorphism.
It is trivial.
COROLLARY 18. For e¤ery boolean algebra B and for e¤ery R g B , Rn n n
Ž .can be embedded in Ł R M .M g Spec B n
w x Ž . Ž .Proof. By 3 R ¤ Ł R rM , Ł R M .n M g Spec R n M g Spec B nn
By the above corollary the map
a a0 ny1
j : a , . . . , a “ , . . . ,Ž .0 ny1 ž /p nM p nMŽ . Ž . Mg Spec R n
Ž .is an embedding from R to Ł R M , wheren M g Spec R nn
a 0 g B if a g p nMŽ .h hs ½ 1 g B if a f p nM .p nM Ž .Ž . h
Ž . Ž .In particular, for every element a, . . . , a g B R , we haven
a a
j a, . . . , a s , . . . ,Ž .Ž . ž /p nM p nMŽ . Ž . Mg Spec R n
where
a a 0 g B R if a g p nMŽ . Ž .n, . . . , sž / ½ 1 g B R if a f p nM .p nM p nM Ž . Ž .Ž . Ž . n
Let I be a set of indexes having the same cardinality of Spec R . Thenn
< < < < Ž .  4 II s Spec B . Let s : a g B “ a g 0, 1 be the embedding of B ini ig I
 4 I0, 1 . Then, by Corollary 18, for every i g I
a , . . . , a s a , . . . , a .Ž . Ž .0 ny1 0 i ny1 ii
Ž . Ž . ŽŽ .. Ž .If a, . . . , a g B R , then j a, . . . , a s x , where either x s 0n i ig I i
Ž . Ž .if a g p nM or x s 1 if a f p nM . On the other hand, if we havei i
Ž . Ž . Ž .  4a family x such that x g j R , x g 0, 1 for i g I, theni ig I i ig I n i
y1ŽŽ . . Ž .j x s a ??? a , wherei ig I
X Y 4a s F p nM l F p nM ,Ž . Ž .Ž . Ž .ig I i ig I i
X <I s i x s 0 and 4i
Y <I s i x s 1 . 4i
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nŽLEMMA 19. Let B be a boolean algebra and R g B . Then p a , . . . ,n n h 0
. Ž .a s a , . . . , a for e¤ery h s 0, 1, . . . , n y 1.ny1 h h
Ž nŽ .. Ž nŽ .. ŽProof. j p a , . . . , a s p a , . . . , a where a , . . . ,h 0 ny1 h 0 i ny1, i ig I 0 i
.a g R rM .ny1 i n i
w x Ž .By 9, Remark 4 and Remark 15 4 ,
0 if a s 0 m a g p nMŽ .hi h ina s p a , . . . , a sŽ .i h 0 i ny1 i ½ 1 if a s 1 m a f p nM .Ž .hi h i
Then by the above considerations and by bijectivity of jy1,
jy1 a s a , . . . , a ,Ž . Ž .Ž .i h higI
we get
X Y 4a s F p nM l F p nM whereŽ . Ž .Ž . Ž .ig I i ig I i
X <I s i x s 0 and 4i
Y <I s i a s 1 . 4i
w x Ž .By 4, Remark 15 R M is, up to isomorphism, a subalgebra of S .n n
Then we have:
Ž .THEOREM 20. Let B be a boolean algebra and R g B . Then R [ )0n n n
Ž .g V S .n
Ž .Proof. Since R M is isomorphic to a subalgebra of S , then, byn n
Corollary 18, the thesis follows.
Ž .Let BR be the category whose objects are the pairs B, R where then n
Ž . nstructure B q, ? , 0, 1 is a boolean algebra, R g B , and whose mor-n
Ž . Ž X X .phisms from BR to B R are the boolean homomorphisms f from Bn n
X Ž . Ž Ž . Ž .. Xto B such that a , a , . . . , a g R implies f a , . . . , f a g R .0 1 ny1 n o ny1 n
A morphism f is an isomorphism if and only if f is an isomorphism
X Ž . Ž Ž . Ž . Ž ..from B to B and a , a , . . . , a g R iff f a , f a , . . . , f a g0 1 ny1 n 0 1 ny1
RX .n
By Theorem 20, we can define a map w from the objects of BR to then
Ž .objects of V S by the following stipulation:n
w B , R s R , [ , ), 0 .Ž . Ž .n n
Furthermore, given a morphism
f : B , R “ BX , RX ,Ž . Ž .n n
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we define
w f : a , . . . , a , a g R “ f a , . . . , f a , . . . , f a g RX .Ž . Ž . Ž . Ž . Ž .Ž .0 i ny1 n 0 i ny1 n
Ž .THEOREM 21. The map w is a functor from BR to the category V Sn n
whose morphisms are MV-homomorphisms.
Proof. Trivial.
Ž . Ž . Ž nŽ . nŽ . n Ž ..Let A g V S . Set V x s p x , p x , . . . , p x for every x gn n 0 1 ny1
 Ž . < 4 w xA, and R s V x x g A . By Proposition 1, Lemma 3, and 9, Lemma 6A n
Ž .R g B A .A n
Ž . Ž Ž . ..THEOREM 22. The map C: A g V S “ B A , R g BR is a func-n A n
tor.
X Ž . Ž .Proof. Define, for every MV-homomorphism f : A “ A , C f : B A
Ž X. Ž .“ B A as the restriction of f to B A . Then the thesis follows directly.
Ž .THEOREM 23. The categories BR and V S are equi¤alent.n n
Ž ŽŽ .. Ž . Ž Ž ..Proof. It suffices to prove that C w B, R , B, R and w C An n
Ž . Ž . w x, A for every B, R g BR and A g V S 12 .n n n
Ž .To this aim, let us define the map h from B, R ton
C w B , R s B R , R by h b s b , . . . , b .Ž . Ž . Ž . Ž .Ž . Ž .n n R n
Ž .h is a boolean isomorphism between B and B R .n
Ž . Ž . Ž . Ž .Moreover, if a , a , . . . , a g R , then h a s a , . . . , a g B R0 1 ny1 n h h h n
for every h s 0, 1, . . . , n y 1. Hence
h a , h a , . . . , h a g R .Ž . Ž . Ž .Ž .0 1 ny1 R n
Ž nŽ . nŽ . n Ž ..Now define j : x g A “ p x , p x ??? p x g R .0 1 ny1 A
By Lemma 2, j is injective. By a direct inspection it is easy to check that
h and j are isomorphisms.
Ž .The functor w shows that every algebra in the variety V S can ben
represented by its boolean algebra and a relation R . We shall now proven
that every relation R defined on a boolean algebra B, such that R g B ,n n n
can be obtained starting with a particular sequence of n y 1 ideals of B
and vice versa.
To this end we settle some properties of R .n
Ž .Let B, q, ? , y, 0, 1 be a boolean algebra and R g B . For i s 1, 2,n n
. . . , n y 1 set
<J R s a a a , . . . , a , a , . . . , a g R . 4Ž . Ž .i n iy1 i 0 iy1 i ny1 n
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Then we have:
PROPOSITION 24. With abo¤e notations, the following statements hold:
Ž . Ž .1 J R is an ideal of B for i s 1, 2, . . . , n y 1.i n
Ž . Ž . Ž .2 J R s J R for i s 1, 2, . . . , n y 1.i n nyi n
Ž .3 For i s 2, 3, . . . , n y 1 and h s 1, 2, . . . , i y 1.
J R l J R : J R .Ž . Ž . Ž .h n iyh n i n
X Ž . Ž .Proof. Let j , j g J R . Then there are x s a , a , . . . , a andi n 0 1 ny1
Ž .y s b , b , . . . , b such that j s a a and j s b b .0 1 ny1 iy1 i iy1 i
Ž . Ž .Let a s a , a , . . . , a and b s b , . . . , b be elements of R0 1 ny1 0 ny1 n
such that a s j for i s 0, 1, . . . , n y 1 and b s j X for i s 0, 1, . . . , n y 1.i i
Ž . Ž . Ž .Then a n x k b n y is the element c , c , . . . , c of R where0 1 ny1 n
c s a a q b b for h s 0, 1, . . . , i y 1h iy1 i iy1 i
c s 0 for h s i , i q 1, . . . , n y 1.h
X Ž .Hence j q j s a a q b b s c c g J R .iy1 i iy1 i iy1 i i n
Ž .Suppose now d F j and set e s e , e , . . . , e , where e s d for0 1 ny1 h
h s 0, 1, . . . , n y 1.
Since d F a a , we getiy1 i
e n x s d a , d a , . . . , d a g R ,Ž .0 1 ny1 n
Ž . Ž .and d a d a s d a d q a s d . Hence d g J R .Ž .iy1 i iy1 i i n
Ž . Ž .Condition 2 is a trivial consequence of the property ii of R .n
Ž . Ž . Ž .To verify 3 , let m g J R l J R for i s 2, . . . , n y 1 and h s 1,h n iyh n
. . . , i y 1.
Ž . Ž .Then there exist a , a , . . . , a and b , b , . . . , b in R such that0 1 ny1 0 1 ny1 n
m s a a s b b .hy1 h iyhy1 iyh
Ž . Ž . Ž .Set a , . . . , a s a , a , . . . , a [ b , b , . . . , b . Then0 ny1 0 1 ny1 0 1 ny1
iy2
a s a q b q a b andÝiy1 iy1 iy1 r iy2yr
rs0
iy1
a s a q b , q a b .Ýi i i s iy1ys
ss0
VARIETIES OF MV-ALGEBRAS 687
Hence
iy1
a s a b a q bŽ .Łi i i s iy1ys
ss0
s a b a q a b q a b ??? qa b q bž /i i 0 1 iy1 2 iy2 iy1 1 0
i




a a G a b a bÝ Ýiy1 i r iy2yr l iylž / ž /
rs0 ls0
G a b a b s a a b b s m ? m s m.Ž . Ž .hy1 iy2yhq1 h iyh hy1 h iyhy1 iyh
Ž . Ž .Since a a g J R , it follows that also m g J R .iy1 i i n i n
Now the proposition is completely proved.
Ž . Ž . Ž .The ideals J R , J R , . . . , J R shall be called defined by R .1 n 2 n ny1 n n
Let J , J , . . . , J be n y 1 ideals of B such that1 2 ny1
1. J s J for i s 1, 2, . . . , n y 1.i nyi
2. For i s 2, . . . , n y 1 J l J : J for h s 1, 2, . . . , i y 1.h iyh i
Set
n <R s a , . . . , a g B a G a and a a g JŽ .J 0 ny1 i i iy1 i iy1
 4for i s 1, 2, . . . , n y 1 .4
PROPOSITION 25. With the abo¤e notations, R g B .J n
Ž . Ž . Ž .Proof. We shall prove that R verifies i ] iv . Indeed i is verified byJ
Ž .definition; iv is a trivial consequence of the definition. Hence we have to
Ž . Ž . Ž .prove that R verifies ii and iii . Indeed, if a , a , . . . , a g R , thenJ 0 1 ny1 J
Ž . Ž .a a g J for i s 1, 2, . . . , n y 1. Set a , . . . , a s a , . . . , a ; weiy1 i i 0 ny1 ny1 0
have a a s a a g J s J for i s 1, 2, . . . , n y 1. Hence Riy1 i nyi nyiy1 nyi i J
Ž .verifies ii .
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Ž . Ž .Let a , a , . . . , a and b , b , . . . , b g R .0 1 ny1 0 1 ny1 J
Set
b , b , . . . , bŽ .0 1 ny1
s a q b , a q b q a b , . . . , a q b0 0 1 1 0 0 i iž
iy1 ny2
q a b , . . . , a q b q a b ,Ý Ýr iy1yr ny1 ny1 r ny2yr /
rs0 rs0
iy1 iy1
b b s a a b a b q a b b a bÝ Ýiy1 i iy1 i i s iy1ys i iy1 i s iy1ysž / ž /
ss0 ss0
iy2 iy1




x s a a b a b F a a g J ,Ýiy1 i i s iy1ys iy1 i iž /
ss0
iy1
y s a b b a b F b b g J .Ýi iy1 i s iy1ys iy1 i iž /
ss0
Ž .So to prove that R verifies iii we shall only prove thatJ
iy2 iy1
z s a b a b a b is an element of J .Ý Ýi i r iy2yr s iy1ys iž / ž /
rs0 ss0
Ž .Indeed, by property 2 we get
iy2 iy1 iy2
z F a b a b F a b a b q a bŽ .Ý Ý Ýr iy2yr s iy1ys r iy2yr r iy1yr rq1 iy2yrž /
rs0 ss0 rs0
iy2
s a b a q b a q bŽ . Ž .Ý r iy2yr r iy1yr rq1 iyry2
rs0
s a a b b q a a b b ???Ž . Ž .Ž . Ž .0 1 iy2 iy1 1 2 iy3 iy2
q a a b b g J .Ž . Ž .iy2 iy1 0 1 i
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Proposition 25 shows that every n y 1-ple of ideals of B verifying the
Ž . Ž .properties 1 and 2 determines a relation of B that is an MV-algebra inn
Ž .the variety V S .n
Ž .LEMMA 26. Let B, q, y, ? , 0, 1 be a boolean algebra, R g B , and letn n
J R , . . . , J RŽ . Ž .1 n ny1 n
be the ideals of B defined by R .n
Then
R s Rn JŽR .n
<s a , a , . . . , a a G a and a a g J RŽ . Ž . 0 1 ny1 iy1 i iy1 i i n
for i s 1, . . . , n y 1 .4
Proof. Trivially we get R : R .n JŽR .n
Ž .Let a , a , . . . , a g R . Then for every i s 1, 2, . . . , n y 1, there0 1 ny1 J ŽR .n
i i i i iŽ .exists an element b s b , . . . , b b , . . . , b g R such that a a s0 iy1 i ny1 n iy1 i
i i i ib b . From that, a s b b q a for i s 1, 2, . . . , n y 1. Hence we getiy1 i iy1 iy1 i i
the following system of equalities:
1 1a s b b q a0 0 1 1
2 2a s b b q a1 1 2 2
...
ny1 ny1a s b b q a .ny2 ny2 ny1 ny1
Substituting every a in the previous equality, we havei
ny1
i ia s b b q aÝ0 iy1 i ny1
is1
ny1
i ia s b b q aÝ1 iy1 i ny1
iy2
...
ny1 ny1a s b b q a .ny2 ns2 ny1 ny1
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Then
a , a , . . . , a s a , a , . . . , aŽ . Ž .0 1 ny1 ny1 ny1 ny1
ny1
i i ik b , b , . . . , bŽ .E 0 1 ny1ž
is1
i i i i i in b b , b b , . . . , b b ,ž /iy1 i iy1 i iy1 i /
Ž .and a , a , . . . , a g R .0 1 ny1 n
4. AUTOMORPHISMS GROUP
Ž . Ž .Let A g V S and Aut A be the group of all automorphisms of A.n
Ž .For every a g Aut A we shall denote by a the restriction of a toBŽ A.
Ž .B A .
PROPOSITION 27. With the abo¤e notations the following statements hold:
Ž . Ž Ž ..1 a g Aut B A .BŽ A.
Ž .2 For e¤ery y g A, there exist x and k in A such that
p n y s a p n x for h s 0, 1, . . . , n y 1,Ž . Ž .Ž .h BŽ A. h
p n k s a p n y for h s 0, 1, . . . , n y 1.Ž . Ž .Ž .h BŽ A. h
Ž .Proof. 1 is trivial.
Ž .Let us prove 2 . Let y g A. By surjectivity of a , there is x g A such
Ž . Ž nŽ .. nŽ Ž .. nŽ .that a x s y. Then a p x s p a x s p y for h s 0, 1, . . . ,BŽ A. h h h
n y 1.
Ž .Moreover, setting a y s k, we have set
p n k s p n a y s a p n y .Ž . Ž . Ž .Ž .h h BŽ A. h
Proposition 27 shows that the restriction of every automorphism, de-
Ž Ž ..fined on A, is a particular element of Aut B A .
Ž . Ž Ž ..Now, denote by G A the subset of Aut B A whose elements verify
Ž .Condition 2 of Proposition 27. Then we have
Ž . Ž .THEOREM 28. G A is a subgroup of Aut B A .
Ž .Proof. Claim 1. G A is nonempty. Indeed the identity map defined on
Ž . Ž .B A verifies Condition 2 .
VARIETIES OF MV-ALGEBRAS 691
Ž . y1 Ž .Claim 2. b g G A implies b g G A .
Ž .Indeed, if b g G A , for every y g A there are x, k g A such that
nŽ . Ž nŽ .. nŽ . Ž nŽ ..p y s b p x and p k s b p y for h s 0, 1, . . . , n y 1. Since bh h h h
is bijective, we have
by1 p n y s by1 b p n x s p n x andŽ . Ž . Ž .Ž . Ž .Ž .h h h
by1 p n k s by1 b p n y s p n y .Ž . Ž . Ž .Ž . Ž .Žh h h
y1 Ž .It follows that b g G A .
X Ž . X Ž .Claim 3. b , b g G A implies bb g G A .
Set g s bb X. We shall prove that for every y g A, there exist x, k g A
such that:
Ž . nŽ . Ž nŽ ..1 p y s g p x andh h
Ž . nŽ . Ž nŽ ..2 p k s g p y .h h
X Ž .Since b g G A , if y g A, then there is z g A such that
p n y s b X p n z for h s 0, 1, . . . , n y 1.Ž . Ž .Ž .h h
Ž .Since b g G A , then there is x g A such that
p n z s b p n x for h s 0, 1, . . . , n y 1.Ž . Ž .Ž .h h
nŽ . XŽ Ž nŽ ... Ž nŽ . Ž .Then p y s b b p x s g p x . Hence 1 is proved.h h h
Ž .Now we shall prove 2 .
Ž .Since b g G A , then there is u g A such that
b p n y s p n u for h s 0, 1, . . . , n y 1.Ž . Ž .Ž .h h
X Ž . nŽ . XŽ nŽ ..Since b g G A , there is k such that p k s b p u . From thath h
p n k s b X b p n y s g p n y for h s 0, 1, . . . , n y 1.Ž . Ž . Ž .Ž . Ž .Ž .h h h
Hence Claim 3 is proved.
By Claims 1]3 the theorem is then proved.
Ž . Ž .THEOREM 29. G A and Aut A are isomorphic groups.
Proof. Let C be a mapping such that
a g Aut A “ a g Aut B A .Ž . Ž .Ž .BŽ A.
Ž . Ž .By Proposition 27, C a g G A .
We claim that C is injective. Suppose a s a X . Then for everyBŽ A. BŽ A.
y g A
a p n y s a X p n y for h s 0, 1, . . . , n y 1Ž . Ž .Ž . Ž .BŽ A. h BŽ A. h
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nŽ Ž .. nŽ XŽ .. Ž . XŽ .and p a y s p a y . By Lemma 2, a y s a y ; i.e., C is injec-h h
tive.
Ž .Let b g G A . For every y g A there is k g A such that
p n k s b p n y for h s 0, 1, . . . , n y 1.Ž . Ž .Ž .h h
Ž .Set a y s k. Obviously a s b. Hence a is an extension of b. LetBŽ A.
Ž . X Xus show that a g Aut A . Indeed, let y, y k, k g A such that
p n k s b p n y and p n kX s b p n yXŽ . Ž . Ž . Ž .Ž . Ž .h h h h
for h s 0, 1, . . . , n y 1.
w xBy 9, Lemma 6 ,
hy1
X X Xn n n n np y [ y s p y [ p y [ p y (p y .Ž . Ž . Ž . Ž . Ž .Ž .Ýh h h r hy1yr
rs0
Applying b we get
b p n y [ yX s b p n yŽ . Ž .Ž . Ž .h h
hy1
X Xn n n[ b p y [ b p y (b p yŽ . Ž . Ž .Ž . Ž . Ž .Ž .Ýh r hy1yr
rs0
hy1
X Xn n n ns p k [ p k [ p k (p kŽ . Ž . Ž . Ž .Ž .Ýh h r hy1yr
rs0
s p n k [ kX .Ž .h
Ž X. X Ž . Ž X .Hence a y [ y s k [ k s a y [ a y .
Ž .Since a y s k, then
b p n y s p n k for h s 0, 1, . . . , n y 1.Ž . Ž .Ž . Ž .h h
By Lemma 3 we get
b p yU s p kU for h s 0, 1, . . . , n y 1,Ž . Ž .Ž .ny1yh ny1yh
Ž . Ž Ž ..Uwhich is equivalent to a y* s k* s a y . a is surjective by Condition
Ž .2 .
Hence C is surjective.
Now we are going to prove that C is an isomorphism. Indeed, denote by
Ž .I and I the identities on A and on B A , respectively. Then we haveA BŽ A.
Ž .C I s I . Moreover, it is easy to check thata BŽ A.
y1X X y1aa s a a and a s a .Ž . Ž . Ž .Ž . Ž .B A B ABŽ A. BŽ A. BŽ A.
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Ž . Ž .Previously we proved that V S is categorically equivalent to B, R ,n n
ŽŽ . Ž X X ..whose morphisms, Morph B, R , B , R , are the boolean homomor-n n
phisms f : B “ BX with the condition
a , a , . . . , a g R « f a , f a ??? f a g RX .Ž . Ž . Ž . Ž .Ž .0 1 ny1 n 0 1 ny1 n
Moreover, we proved that a morphism f is an isomorphism iff f is a
boolean isomorphism with the condition
X Ua , a , . . . , a g R l f a ??? f a g R .Ž . Ž . Ž . Ž .Ž .0 1 ny1 n 0 ny1 n
Ž . ŽU .It is trivial to verify that, if f g Aut B , condition is equivalent to
Ž .Condition 2 of Proposition 27.
Ž . Ž .Let A g V S and J s J , J , . . . , J be the vector of the ideals ofn 1 2 ny1
Ž .B A defined as following:
Un n <J s p x ( p x x g A . 4Ž . Ž .Ž .i iy1 i
Then we have:
Ž Ž .. Ž . Ž .THEOREM 30. Let b g Aut B A . Then b g G A iff b J s J fori i
i s 1, 2, . . . , n y 1.
Ž .Proof. Let b g G A .
Ž .By Theorem 29, b can be extended to an automorphism a g Aut A .
So by Lemma 3 we have
U Un n n nb p x ( p x s b p x (b p xŽ . Ž . Ž . Ž .Ž . Ž . Ž . Ž .iy1 i iy1 i
Un ns p a x (p a xŽ . Ž .Ž .Ž .iy1 ny1yi
Un ns p a x ( p a x g J .Ž . Ž .Ž . Ž .iy1 i i
Ž . n Ž . Ž nŽ ..UHence b J : J . Now, set z s p y ( p y g J .i i iy1 i i
nŽ . Ž nŽ ..By hypothesis there exists x g A such that p y s b p x for h sh h
Ž n Ž . Ž nŽ ..U . Ž .0, 1, . . . , n y 1. So z s b p x ( p x g b J .iy1 i i
Ž .Vice versa, assume a J s J for i s 1, 2, . . . , n y 1.i i
Ž .Now we prove that a verifies Condition 2 of Proposition 27. Indeed,
Ž Ž ..let y g A. Since a g Aut B A ,
a p n y G a p n y ??? G a p n yŽ . Ž . Ž .Ž . Ž . Ž .0 1 ny1
and
ay1 p n y G ay1 p n y ??? G ay1 p n y .Ž . Ž . Ž .Ž . Ž . Ž .0 1 ny1
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Moreover for i s 1, 2, . . . , n y 1
U Un n n na p y ( a p y s a p y ( p y g J .Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ž . Ž .iy1 i iy1 i i
Ž Ž nŽ .. Ž nŽ .. Ž n Ž ...Then, by Lemma 26, a p y , a p y , . . . , a p y g R , hence0 1 ny1 A
there is an element k g A such that
a p n y , a p n y , . . . , a p n yŽ . Ž . Ž .Ž . Ž . Ž .Ž .0 h ny1
s p n k , p n k , . . . , p n k .Ž . Ž . Ž .Ž .0 1 ny1
So
a p n y s a p n k for h s 0, 1, . . . , n y 1. IŽ . Ž . Ž .Ž . Ž .h h
Analogously, for i s 1, 2, . . . , n y 1,
U Uy1 n y1 n y1 n na p y ( a p y s a p y ( p y g J .Ž . Ž . Ž . Ž .Ž . Ž . Ž . Ž .Ž .iy1 i iy1 i i
Then, by Lemma 26,
ay1 p y , ay1 p y , . . . , ay1 p n y g RŽ . Ž . Ž .Ž . Ž . Ž .Ž .0 1 ny1 A
hence there is an element x g A such that
ay1 p n y , ay1 p n y , . . . , ay1 p n yŽ . Ž . Ž .Ž . Ž . Ž .Ž .0 1 ny1
s p n x , p n x , p n x .Ž . Ž . Ž .Ž .0 1 ny1
So
ay1 p n y s p n x for h s 0, 1, . . . , n y 1.Ž . Ž .Ž .h h
Applying a to both sides of the above equality, we have
a n y s a p n x for h s 0, 1, . . . , n y 1. IIŽ . Ž . Ž .Ž .h h
Ž . Ž . Ž .By I and II , a g G A .
5. ABSTRACT CONDITIONAL MV-SPACE
Ž . w xLet L k, n , ; , 0, 1 be a Stone algebra 1 . We will call the skeleton of
;  ; < 4 Ž . L the set L s x x g L and the dense set of L the set D L s x g
< ; 4L x s 0 .
Ž ; . Ž .It is known that L , k , n , ; , 0, 1 is a boolean algebra and D L is
Ž . w xa filter of L. Actually D L is a distributive lattice with 1. In 10 , the
authors introduced the following:
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DEFINITION 31. An abstract conditional space is a Stone algebra L such
that:
Ž . Ž .i D L is a bounded lattice;
Ž . ; Ž .ii the mapping f : a g L “ 0 k a g D L is an isomorphism,
Ž .where 0 is the last element of D L .
Moreover, they proved that every abstract conditional space can be
viewed as a semisimple MV-algebra. Following Goodman et al., we intro-
duce:
DEFINITION 32. An abstract conditional MV-space is an MV-algebra
Ž . Ž .A, [ , (, ), 0, 1 such that L A is an abstract conditional space.
Ž .In the sequel L A , the reduct of A will be denoted by L. The aim of
this paragraph is to characterize an abstract conditional MV-space, that is,
to identify it among semisimple MV-algebras.
Ž .Let L be a Stone algebra, for every x g L; denote by G x the set
 ; < 4b g L x F b .
Ž .LEMMA 33. Let L be a Stone algebra and D L its dense set. Then
Ž .  < Ž . 4D L s x g L G x s 1 .
Ž . ; ; ;Proof. Let x g D L and x F b, where b g L . From that b F x s
0; then b;s 0 and b s 1.
Ž . ; ; ; ;Vice versa, suppose G x s 1. Since x F x , we have x s 1; then
; ; ; ; Ž .x s x s 0 and x g D L .
LEMMA 34. Let A be an abstract conditional MV-space and 0 the last
Ž . Uelement of D L . Then 0 s 0.
U Ž .Proof. Claim 1. 0 g D L .
Indeed, assume 0U F b and b g L; ; then bU F 0UU s 0. Since the map
x “ 0 k x is a bijection, by 0 k 0 s 0 k bU , we have that 0 s bU and
U Ž .b s 1. By Lemma 33, 0 g D L .
Claim 2. 0U s 0.
By Claim 1 there is an element a g L; such that 0U s 0 k a. Then
UU U U U U U0 s 0 n a F a . By Lemma 33, a s 1 and a s 0. Hence 0 s 0.
PROPOSITION 35. If A is a totally ordered abstract conditional MV-space,
1 4then A is isomorphic to the MV-algebra S s 0, , 1 .2 2
;  4 Ž .  4Proof. Since A is totally ordered, L s 0, 1 ; then D L s 0, 1 .
Suppose there is x g A such that 0 - x - 0. Then x ;s 0, which is
absurd. So A has just three elements and it is isomorphic to S .2
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LEMMA 36. Let A be an abstract conditional MV-space. For e¤ery prime
; Ž .;ideal P of A, x rP s xrP .
; Ž .; ;Proof. For every x g A, x rP F xrP . Then if x rP s 1 or
Ž .; ;xrP s 0 the thesis is obvious. Hence we suppose x rP s 0 and
Ž .; ; ; Ž ;.;xrP s 1. Then we have x, x g P, and x k x g P. Since x k x
; ; ; ; Ž . ;s x nx s 0, then x k x g D L . So 0 F x k x and 0 g P, which
is absurd.
w xIn 15 Torrens gives a representation of a Post algebra of order n as an
MV-algebra with an additional constant in the following way: a Post
Ž .algebra of order n, n ) 1 is an algebra P, [ , (, ), 0, 1, c such that
Ž . Ž .1 P, [ , (, ), 0, 1 is an MV-algebra;
Ž . nq1 n2 x s x for every x g P;
Ž . Ž ny1.U3 c s c.
THEOREM 37. An MV-algebra A is an abstract conditional MV-space iff it
is a Post algebra of order 2.
AProof. Let A be an abstract conditional MV-space. By Lemma 36, isP
; Ž .;a totally abstract conditional MV-space, where x rP s xrP . Then, by
A Ž .Proposition 35, is isomorphic to S , so A g V S and A satisfies2 2P
Ž . Ž . Ž .Conditions 1 and 2 . Moreover, by Lemma 34, 0 satisfies 3 . So the
Ž .structure P, [ , (, ), 0, 1, 0 , is a Post algebra of order 2.
Vice versa, assume A is a Post algebra of order 2 with constant c such
that c s cU.
We claim that the reduct L of A is a pseudocomplemented lattice.
We shall prove that for every x g L, the pseudocomplement x ; of x is
U A2Ž .x . Indeed, by hypothesis, is isomorphic to S for every prime ideal P2P
Ž U .2 w x Ž U .2of A. So if xrP / 0, x rP s 0, then by 3, Lemma 3 x n x s 0.
Suppose now x n y s 0; hence xrP n yrP s 0 for every P g Spec A. If
Ž U .2 Ž U .2xrP s 0 then x rP s 1; so yrP F x rP for every P g Spec A. By
w x Ž U .23, Lemma 3 y F x .
Hence L is a pseudocomplemented lattice.
Ž U .2By hypothesis x is a boolean element of A. So with above notations
; ; Ž ;.Ux s x s 1. Hence L is a Stone algebra.
; 2 Ž . Ž .Since c s c s c ? c s 0, we have that c g D L . Suppose x g D L ;
; Ž U .2then x s x s 0 and 2 x s 1. Let P be a prime ideal of A, since
2 x x x 1 c, / 0; hence G s . So c F x. Hence, c is the last element ofP P P 2 P
Ž .D L .
Finally, by an easy calculation it can be proved that the map f :
x ;g L;“ c k x ; is an isomorphism and the theorem is completely
proved.
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